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A B S T R A C T   

Construction rocks often exhibit a grain structure with spatially correlated grain formations, posing a challenge 
in quantifying and predicting their mechanical properties. Effectively quantifying and predicting the mechanical 
and fracturing behaviors of these construction materials is crucial for enhancing their exploitation and utilization 
efficiency. Misjudgments in this regard could lead to unacceptable fractures or even the collapse of rock for
mations during infrastructure constructions. This work proposes an approach that combines weighted centroidal 
Voronoi tessellation (WCVT) and random field (RF) to generate heterogeneous rocks with a correlated grain 
structure. WCVT is used to partition a rock domain into grains, and RF is adopted to control the grain sizes and 
the size correlation. With rock samples generated based on RF-WCVT, the finite discrete element method (FDEM) 
is introduced to simulate the mechanical behavior (typically the fracturing behavior) of heterogeneous rocks. The 
procedure for importing RF-WCVT-based rock samples into an FDEM model and inserting zero-thickness cohe
sive elements for modeling potential fractures is developed. Numerical examples are presented to demonstrate 
the effectiveness of RF-WCVT for generating heterogeneous rocks with a correlated grain structure, as well as the 
performance of FDEM in modeling the mechanical behavior of heterogeneous rocks. Effects of grain structure, in 
terms of scale of fluctuation and bedding orientation, on the mechanical behavior of rocks are analyzed.   

1. Introduction 

Construction rocks, such as columnar jointed rocks [40], porphyritic 
granite [66], crystalline rock [33], etc., are often featured with complex 
granular structures and may contain inherent defects, weak joint, and 
even open cracks at various scales, leading to significant complications 
and stochasticity in their mechanical behavior. Fig. 1(a) depicted several 
examples of rocks that exhibit a grain structure at various scales. These 
construction rocks are commonly employed in the production of various 
aggregates or synthetic rock slabs, serving as valuable materials in 
building construction and various infrastructure engineering projects. 
The microstructure of these construction rocks is featured with 
polyhedral-shaped grains [22]. The size, shape, orientation, and corre
lation of the grains vary significantly among these rocks, which proved 
to be the main sources of morphological heterogeneity in rocks [49,9]. 
Notably, the grain structure of theses rocks usually present both 
randomness and high spatial correlations[59,63,67]. These correlated 

and stochastic structures have a considerable influence on the micro
scopic and macroscopic mechanical behaviors of rocks. It thus brings 
many difficulties in the quantification and prediction of the mechanical 
properties and fracturing tendency of rocks. 

Moreover, lots of widely used synthetic construction and building 
materials, such as cemented tailings backfill ([17,50]), asphalt mixture 
([4,61])., phosphate mining backfill [46] as shown in Fig. 1(a), have 
been observed layered correlated grain structures[14]. This has created 
an urgent need for developing a systematic method to investigate me
chanical characteristics of such natural or synthetic construction and 
building materials. Effective quantifying and prediction of the me
chanical and fracturing behaviors of these construction materials is 
crucial for enhancing their exploiting and utilization efficiency. 
Furthermore, it can also improve the quality and safety of the projects 
that are constructed on or within these complicated rock formations, 
including dams [12], and minging tunnels [15,36,42], as misjudgments 
in this regard could lead to unacceptable fracutures or even collapse 
during the infrastructure constructions ([27,29,37,39,38,64]), as shown 
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in Fig. 1(b). To approach an accurate characterization of the mechanical 
behavior of the heterogeneous construction rocks, it is crucial to 
consider their spatially correlated and stochastic grain structures. 

Physical model tests provide efficient and direct approaches to un
derstand the influences of granular structures on the mechanical 
response of rock formations. With the help of advanced equipment and 
techniques, such as scanning electron microscope (SEM) [33,34], digital 
image processing (DIP) [40], acoustic emission (AE) [34], etc., many 
experimental studies have been conducted on natural rocks to investi
gate the relationships between the macroscopic mechanical properties 
and microscopic grain structures. Furthermore, some researchers 
adopted three-dimensional printing technique to create rock-like spec
imens with specified granular structures [45,57]. By conducting the 
uniaxial compression tests on these artificial specimens, the failure 
modes and mechanical behaviors have been extensively discussed. 
However, due to the heterogeneity of rocks, it is still difficult to 
approach an accurate characterization of the mechanical behavior 
(typically the fracturing behavior) of rocks through limited number of 
laboratory tests [66,67,9,8]. In addition, the microscopic parameters, 
such as the localized stress and strain, which is important to the un
derstanding of the mechanical behavior of rocks, may not be directly 
measurable from laboratory physical tests [2]. Numerical simulation 
thus becomes an important complement to laboratory tests to investi
gate the effect of heterogeneous grain structure on the mechanical 
behavior of rocks. Rocks with granular structures are characterized by 
significant discontinuity, making it challenging to conduct effective 
analysis on these materials using continuous numerical approaches, 
such as the finite element method (FEM). To consider the discontinuity 
caused by granular structures, there are two groups of numerical 
methods that are widely adopted to model the mechanical behavior of 
rocks with granular structures, namely the discontinue-based methods 
and the combined continuum-discontinue methods. The discrete 
element method (DEM) has been one of the most widely used 
discontinuum-based methods [6,62]. DEM is usually integrated with the 

grain-based model (GBM) to model heterogeneous rocks [66]. In GBM, 
particles in a grain are bonded with each other where the bond behavior 
is characterized by bond models (e.g., parallel bond model [44]), and 
the inter-grain interactions is modeled by contact models such as the 
widely used smooth-joint model (SJM) [5,7]. The grain size effect on the 
mechanical behavior of rocks have been discussed in Zhou et al., [66], 
where simulation results indicate that the mechanical behavior of rocks 
could vary significantly with grain sizes. Although grain structure has 
been considered in these studies, the issue of unrealistically low peak 
strength is often identified [25]. It is because that most GBM-DEM 
models adopt spherical particles as basic elements, which may not 
well reflect the effect of shape irregularity and grain interlocking on the 
mechanical behavior [8,23,24]. 

As rocks with grain structures are featured with both continuum and 
discontinum characteristics, recently the coupled continuum- 
discontinuum methods have been increasingly employed to approach 
a more realistic prediction of the mechanical behavior of rocks. For 
instance, Liu et al. [34] and Wu et al. [54,55,56] developed a hybrid 
numerical approach known as the Voronoi element based-numerical 
manifold method (VE-NMM) to study the micro/macro-mechanical 
properties of crystalline rocks. This method allows fractures to propa
gate through mineral grains, thus avoiding mesh dependency issues. 
Another prevalent hybrid method is the finite-discrete element method 
(FDEM) ([32,47]). In FDEM, the deformation of rock grains is modeled 
by triangular elements, which are enhanced by joint elements and DEM 
algorithms to model the fracturing and contact behavior ([40,55,56,58, 
59]). By integrating with the Voronoi tessellation (VT) method for 
modeling the grain structure of rocks, the effects of the grain boundary 
density, thickness, and grain properties on the mechanical strength of 
rocks have been investigated [5,55,56,58]. 

Apart from choosing a suitable numerical method, replicating real
istic grain structures of rocks is also critical to obtain accurate evalua
tions of their mechanical properties. With the help of software packages 
such as Neper, rocks with complex polycrystalline can be generated and 

Nomenclature 

a Acceleration 
b Unit body force 
Ci Voronoi cell 
CVT Centroidal Voronoi tessellation 
D Overall damage in the material 
d Eulerian distance between two points 
E Elastic modulus 
GI Deformation creates fracture energies along normals 
GII Deformation drives fracture energy along shears 
k Stiffness matrix 
L Lower part of Cholesky decomposition of covariance 

matrix C 
N(μ, σ) Gaussian distribution 
P Any point in the space of a domain 
RF Random field 
Si Voronoi seed 
S Seed points 
T0 Constitutive thickness 
U Vector of independent random variables with the same 

length of Z 
VT Voronoi tessellation 
WVT Weighted Voronoi Tessellation 
WCVT Weighted Centroidal Voronoi Tessellation 
Wi The Weight assigned to seed i 
xi A point in the space 
μ Mean 

σ Standard deviation 
ρ(Δx, θ,ϕ) Correlation function 
Δx Separation distance between locations 
ϕ Correlation orientation 
rot(Δx,ϕ) Rotation function 
Δxx Separation distance in x direction 
Δxy Separation distance in y direction 
θx SOF along the x direction 
θy SOF along the y direction 
ε Strain 
δ Displacement 
σ0

n Shearing strengths 
τ0

s Tensile strengths 
δmax

m Maximum effective displacement 
δf

m Effective displacement at complete failure 
δ0

m Effective displacement at damage initiation 
δ0

n Displacement at damage initiation for deformation 
develops along the shear directions 

δ0
s Displacement at damage initiation for deformation 

develops along the normal directions 
GI Fracture energies for deformation develops along the 

normal directions 
GII Fracture energies for deformation develops along the shear 

directions 
η Material parameter 
Z A vector of random variables  
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imported into various computational numerical methods for simulating 
their mechanical behavior[18]. However, the grains in a rock may 
exhibit various sizes that obey a certain distribution and spatial corre
lation (see Fig. 1). The fact of correlated grain structure in rocks cannot 
be well reproduced by the ordinary VT or centroidal VT (CVT) used in 
previous studies [9,10,11,29,63]. The correlation of grain structure 

could have significant impact on the mechanical and typically the 
fracturing responses of rocks [55,56]. To model a spatially varying and 
correlated field property in a reliable and efficient manner, the random 
field (RF) approach has been widely adopted[1,16]. RF has shown 
promising results in various applications, such as the simulation of 
cross-correlated soil properties for probabilistic stability analyses of 

Fig. 1. Several examples of rocks that exhibit a grain structure (a) and engineering hazards in tunnel projects (b).  

Fig. 2. Illustration of partitioning a domain into cells based on VT.  
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slopes [13,35,20], and the areal mapping of soil compaction effective
ness with spatial correlations [19,26,30]. However, to the authors’ best 
knowledge, no research has integrated the RF approach with VT to 
reproduce the micro-structure of rocks containing spatially correlated 
and stochastic grain cells, which may result in unsatisfactory predictions 
of mechanical properties in numerical analysis. 

This work aims to develop an approach for generating rocks with 
correlated and stochastic grain structure and to investigate the effect of 
grain size correlation on the mechanical behavior of rocks. VT will be 
combined with RF to generate rocks with the grain sizes following a 
specific distribution and spatial correlation. The FDEM approach with a 
cohesive zone model will be introduced and validated to model rocks 
with a correlated grain structure. The effect of grain size correlation, in 
terms of scale of fluctuation (SOF) and bedding orientation, on the 
mechanical behavior of rocks will be investigated. 

2. Generation of heterogeneous rocks with correlated grain 
structure 

As mentioned above, rocks often present a grain structure with the 
grain sizes varying in space and following a spatial correlation. The 
combined RF and VT approach for generating heterogeneous rocks with 
correlated grain structure is presented in this section. 

2.1. Weighted centroidal Voronoi tessellation (WCVT) 

In general, a VT (also called a Voronoi diagram) is geometric parti
tioning technique that divides a space into regions based on the dis
tances to a set of points. As illustrated in Fig. 2 in two-dimensions, a VT 
requires a set of distributed points (i.e., the red points in Fig. 2), which 
are called Voronoi seeds. The regions (i.e., Ci in Fig. 2) are called 
Voronoi cells, which are defined by points within specific distances to 

the Voronoi seeds. Each Voronoi seed Si corresponds to a Voronoi cell Ci. 
The Voronoi cell Ci for seed Si consists of all points that are closer to this 
seed than to any other, which can be mathematically expressed as 

Ci =
{

p ∈ Ω
⃒
⃒d(p, Si) < d

(
p, Sj

) }
Sj ∈ S, j ∕= i (1)  

where p represents any point in the space of a domain Ω, d represents the 
Eulerian distance between two points, S represents the set of all seed 
points. 

Based on VT, a CVT is a special type of VT wherein the seed of a 
Voronoi cell is also the centroid of this cell. Comparing with a general 
VT, the cells of a CVT would be more equally sized and uniformly 
distributed in the space, as exemplified in Fig. 3. Nonetheless, there 
lacks a way to control the cell sizes in either VT or CVT. To address this 
issue, the weighted VT (WVT) is further utilized. 

In WVT, each Voronoi seed is associated with a weight, and each 
Voronoi cell consist of all points with the following criterion: 

Ci =
{

p ∈ Ω
⃒
⃒dw(p, Si,wi) < dw

(
p, Sjwj

) }
Sj ∈ S, j ∕= i (2)  

where dw(p, Si,wi) = d(p, Si)
2
− w2

i , with wi being the weight assigned to 
seed i. As illustrated in Fig. 4, a cell would have a larger area if its 
corresponding seed is specified with a larger weight, comparing with its 
neighboring seeds. Taking S1 and S2 for instance, the increase of w1 and 
w2 would force the Voronoi cells C1 and C2 to expand, such that Eq. (2) 
would be satisfied. Thus, the WVT provides a way to control the sizes of 
the cells by prescribing the weights of each seed. And, similar to the 
definition of CVT, a weighted centroidal Voronoi tessellation (WCVT) is 
the WVT with each Voronoi seed located at the centroid of each Voronoi 
cell. 

Fig. 3. Illustration of general VT and CVT.  

Fig. 4. Illustration of domain partitioning based on WVT.  
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2.2. Random field (RF) of grain sizes 

Whereas the WCVT could be used to generate the grain structure of a 
rock, a key question that remains is how to determine the weight of each 
seed, so that the resultant grain sizes would present the desired spatial 
correlation. To address this question, the RF is utilized. 

A RF is a variable defined on a n-dimensional Euclidean space Ω, 
where x ∈ Ω represents a point in the space. Considering a set of n lo
cations, a RF can be then quantified as a vector of random variables Z, 
with Z = [Z1, Z2,., Zn] representing the values of Z(xi), where i = 1, 2,., 
n are the indexes the locations. In the case of a stationary RF with 
Gaussian distribution, the random variables Zi would be obey 
distribution 

Zi = N(μ, σ) (3)  

where N(μ, σ) represents the Gaussian distribution with mean μ and 
standard deviation σ. 

In addition, the correlation between variables Zi and Zj can be 
described by a correlation function ρ(Δx, θ,ϕ), where the variable Δx 
represents the separation distance between location i and j, as shown in 
Fig. 5. For example, a single exponential function [21], as adopted in 
this work, is written as 

ρ(Δx, θ,ϕ) = exp
(

− 2⋅
[
(rot(Δxx,ϕ)/θx)

2
+
(
rot(Δxy,ϕ)

/
θy
)2

]1/2
)

(4)  

where ϕ represents correlation orientation, rot(Δxx,ϕ) represents rota
tion function, Δxx and Δxy represents the separation distance in x and y 
direction respectively, θx and θy is the SOF along the x and y directions, 
respectively. 

To sample the values of random variable Zi in a field, the Cholesky 
decomposition approach [3] is adopted in this work due to its simplicity 
and efficiency. By using the Cholesky decomposition, the correlated 
random variables Zi can be related to a set of independent random 
variables through 

Z = LU (5)  

where U is a vector of independent random variables with the same 
length of Z and L is the lower part of Cholesky decomposition of 

Fig. 5. Illustration of the correlation between the grain size at two locations.  

Fig. 6. Procedure of RF-WCVT for generating heterogeneous rock with correlated grain structure.  
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covariance matrix C satisfying C=LLT. The matrix C is n-order sym
metric matrix which consists of ρi,j calculated from Eq. (4). By combing 
Eqs. (3)–(5), a correlated random field with a specific orientation and 
correlation distance can be generated conveniently. 

2.3. Generation procedure 

With the formulation of WCVT and RF, the procedure of the com
bined RF and WCVT (RF-WCVT) to generate heterogeneous rocks with 
correlated grain structure is described as follows. 

Fig. 7. The basic concept of FDEM.  

Fig. 8. Insertion method and structural characteristics of joint elements.  

Fig. 9. Illustration of the mix mode of fracturing criterion for joint elements.  

Fig. 10. Illustration of the definition of normal and shear directions of a joint element.  

Table 1 
The RF statistics of the grain sizes used in the RF-WCVT approach. The SOF is 
normalized by the mean grain size.  

RF statistics of grain sizes Specimen A Specimen B Specimen C 

Mean (μ) 35.7 mm 29.4 mm 25.2 mm 
Standard deviation (σ) 3.6 mm 4.5 mm 5.0 mm 
SOF in the major principal axis (θx) 10 100 200 
SOF in the minor principal axis (θy) 1 1 1 
Bedding orientation (ϕ) 0◦ 45◦ 90◦
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(1) Discretize a given domain into a set of mesh elements and obtain 
a RF of grain sizes at the centroids of the mesh elements using the 
Cholesky decomposition approach (i.e., Eq. (3)), as shown in 
Fig. 6(a).  

(2) Estimate the number of grains required to fill the domain based 
on the given grain size distribution and domain size.  

(3) Obtain the set of initial seeds, which could be sampled with 
random locations or extracted from a structural grid, as shown in 
Fig. 6(b).  

(4) Compute the weight of each seed by interpolating the grain size at 
each seed from the RF of grain sizes obtained in Step (1).  

(5) Compute the WVT based on the present seed locations and seed 
weights, where many commercial or open-source software tools, 
such as MATLAB and Voro+ + (http://math.lbl.gov/voro++/), 
can be adopted for such a task. The result of this step is illustrated 
in Fig. 6(c). 

(6) Compute the centroid of each Voronoi cell and move the corre
sponding seed to the centroid of the cells, as illustrated in Fig. 6 
(d).  

(7) Repeat Steps (4)-(6) until the mean of the distances between the 
Voronoi seeds and Voronoi cell centroids gets smaller than a 
given tolerance, or it reaches the maximum number of iterations. 

The proposed RF-WCVT can generate grain structures with both 
grain sizes and spatial correlation quantitatively controlled. This 
method can be extended to many numerical methods, such as the 
Discontinuous Deformation Analysis (DDA) [39], Discontinuous 
Element Method (DEM) (Lai et al., 2023), and Distinct Lattice Spring 
Model (DLSM) [39]. However, it is important to note that when applying 
these discontinuous methods, additional algorithms must be incorpo
rated to fill the grain cells with basic elements. The filling process 
inevitably introduces unexpected porosity, potentially influencing the 
mechanical strengths and failure patterns during modeling. This aspect 
should be carefully considered and addressed in the parameter cali
bration process. In contrast, the FDEM method is characterized by both 
continuity and discontinuity, effectively avoiding the problem intro
duced by the filling process. 

Fig. 11. Rock samples generated based on RF-WCVT with different grain structures. The color represents grain sizes.  

Fig. 12. Comparison of (a) grain size distribution and (b) grain size correlation between the RF-WCVT simulations and analytical calculations.  
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3. RF-WCVT-based FDEM for modeling heterogeneous rocks 

FDEM is an effective numerical tool to model heterogeneous mate
rials with both continuum and discontinuum characteristics [55,58]. By 
adopting the joint elements to trace fracturing behaviors, the initiation, 
intersection, and propagation of fractures can be well captured by FDEM 
([31,28,49,58]). In this section, the formulation of FDEM for modeling 
heterogeneous rocks is briefly described for the sake of completeness. 
The integration of correlated rock grain structure generated based on the 
proposed RF-WCVT approach into an FDEM model will be also 
presented. 

3.1. Formulation of FDEM 

In this work, FDEM is employed to solve the balance of momentum 
equation written as 

∇ • σ + ρb = ρa (6)  

where σ is the stress, ρ is the density, b is the unit body force, and a is the 
acceleration. FDEM usually involves two types of elements, namely the 
conventional solid elements for capturing the deformation of material, 
and the joint elements for modeling fracturing behavior. Fig. 7 illus
trates the basic concept of FDEM. For a two-dimensional continuum 
domain, it is first discretized into conventional mesh elements. Then, 
joint elements are inserted on the edges of the prior elements to obtain 
the final FDEM model. The joint elements are initially assigned zero 
thickness to ensure that the geometric continuity of the model is 

maintained. The initiation and propagation of fractures are thereby 
modeled by the deformation of the joint elements. In addition, once a 
joint element fail, the interactions among the connected triangular ele
ments will be approached by contact mechanics. 

To integrate RF-WCVT into the FDEM approach, the continuum 
domain is first partitioned using RF-WCVT, as shown in Fig. 8. Rather 
than inserting the joint elements ubiquitously, the zero-thickness joint 
elements are only adopted on the boundaries of the grains. It is because 
that the grain boundaries are considered to be much more vulnerable 
than the inner of rock grains and have been proved to be the main 
fracturing paths of rocks (Liu et al., 2018a). The insertion of joint ele
ments into the grain boundaries is implemented by first replicating and 
renumbering element nodes on the boundary edges, (i.e., nodes 1–4 in 
Fig. 8) and then creating joint elements using the newly created nodes. 
For example, node 4 is replaced by the nodes 5–7 that share the same 
coordinates with node 4. The procedure is applied to all the nodes on the 
grain edges. Then, joint element E can be created from nodes 5–7-12–13. 
These inserted joint elements initially have zero initial thickness but will 
evolve in thickness during the fracturing process. It should also be note 
that the generation of numerous boundary elements in the RF-WCVT- 
based FDEM may lead to a lack of computational efficiency, which 
constitutes a primary drawback of the proposed method. However, this 
drawback has been significantly alleviated in 2D modeling due to the 
remarkable advances in computer chips and parallel computing 
strategies. 

3.2. Constitutive models of joint elements 

In the present FDEM model, the elastic constitutive model is adopted 
for the regular elements for simplicity. The bi-linear model with a mix 
fracture criterion is adopted for the joint elements. The classical 
Coulomb friction model is widely accepted due to its clarity and ease of 
implementation, and many previous studies have employed it in the 
FDEM modeling process as a common treatment of element contact post- 
failure [55,65], which has justify the adoption of the classical Coulomb 
friction model. Thus, in this study, the classical Coulomb friction model 
is adopted to evaluate the contact dynamics between regular elements 
after joint elements fail. In addition, the primary focus of this study is on 
the mechanical strengths and fracturing characteristics of rocks with 
spatially correlated grain structures. Throughout most of this process, 
the rock specimen has not experienced complete failure. Consequently, 
the adoption of the classical Coulomb friction model has limited impact 

Fig. 13. WCVT-based FDEM model for the example crystalline rocks.  

Table 2 
FDEM material properties of the crystalline rock.  

Mechanical Parameters Values 

Density (kg/m3)  2590 
Young’s Modulus (GPa)  40.3 
Poisson’s ratio  0.314 
Normal stiffness (GPa)  18.0 
Shear stiffness (GPa)  3.6 
Friction angle (◦)  33.0 
Cohesion (MPa)  16.0 
Tensile strength (MPa)  5.5 
Mode-I fracture energy (N/m)  26.1 
Mode-II fracture energy (N/m)  104.4  

Y. Lin et al.                                                                                                                                                                                                                                      



Construction and Building Materials 416 (2024) 135228

9

on the simulation results presented in this study. For the bi-linear model 
of joint elements, the stress-strain behavior is governed as 

σ =

{
σn
σs

}

=

{
EnnEtn
EntEtt

}{
εn
εs

}

=
1
T0

{
EnnEsn
EnsEss

}{
δn
δs

}

=

{
knnksn
knskss

}{
δn
δs

}

(7)  

where σ represents traction, ε represents strain, δ represents displace
ment, E and k are elastic modulus and stiffness matrix, respectively, T0 
represents the constitutive thickness, and n and s indicate the normal 
and shear directions, respectively. 

The details of the mix mode fracture criterion are presented in Fig. 9. 
Previous research has shown that a fracture may appear even when the 
traction has not reached stress criterion along the normal or shear di
rections [48]. For the mix mode of fracture criterion, damage is assumed 
to initiate when the quadratic nominal stress criterion is reached 
{

〈σn〉
σo

n

}2

+

{
τ
τo

s

}2

= 1 (8)  

where σo
n and τo

s represent the shearing and tensile strengths, respec
tively. A scalar damage variable D is introduced to represent the overall 
damage in the material. The damage D monotonically evolves from 0 to 

1, which is calculated by 

D =
δf

m

(
δmax

m − δo
m

)

δmax
m

(
δf

m − δo
m

) (9)  

where δmax
m refers to the maximum effective displacement attained dur

ing the loading history. Note that the effective displacement is obtained 

by δm =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

δ2
n + δ2

s

√

. δf
m represents the effective displacement at complete 

failure, δo
m represents the effective displacement at damage initiation. 

The δf
m and δo

m are calculated following the Benzeggagh-Kenane (BK) 
fracture criterion [48]: 
⎧
⎪⎨

⎪⎩

δf
m = 2 × [GI + (GII − GI) × Bη ]/km

δo
m =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
δo

n

)2
+
[(

δo
s

)2
−
(
δo

n

)2
]
× Bη

√ (10)  

where δo
n and δo

s represent the displacement at damage initiation for 
deformation develops along the normal and shear directions, respec
tively; km is the stiffness calculated by km = kn(1 − B) + ksB, where B =

GI/(GII +GI), with GI and GII being the fracture energies for deformation 
develops along the normal and shear directions, respectively; η is a 

Fig. 14. The fracture pattern (a) and stress-strain behavior (b) of the example crystalline rock based on WCVT and FDEM, comparing with the results of laboratory 
experiments and VE-NMM in [34]. 
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material parameter. 
Upon further loading, the stress components of the traction- 

separation model are affected by the damage according to 
{

σn
σs

}

= (1 − D)⋅
{

knnksn
knskss

}{
δn
δs

}

(11) 

To adopt bi-linear model and mix mode of fracture criterion in nu
merical modeling, the definition of normal and shear directions is quite 
critical, since the mechanical behavior of joint elements in the normal 
and shear directions is generally different. The following is a brief 
description of the strategy used to determine the normal and shear di
rections in joint elements. In Fig. 10, two solid elements are connected 
by a cohesive element, which consists of top and bottom surfaces that 
are determined from the element connectivity by default. To calculate 
the normal and shear directions of the cohesive elements, a midsurface is 
first created by averaging the coordinates of the node pairs (i.e., u1,

u4 and u2,u3 ), as illustrated in Fig. 10. Next, the shear direction (i.e., 
s) is determined from the midsurface, while the normal direction (i.e., n) 
is obtained by the cross product of the out-of-plane and shear directions. 
Therefore, the normal opening and tangential slippage in the cohesive 
element can be expressed as 
{

δn = δ⋅n
δs = δ⋅s (12)  

where δ represents the displacement of node pairs, as δ = u+
i − u+

j . 

4. Numerical examples 

This section presents several numerical examples to demonstrate the 
performance of the proposed RF-WCVT approach for generating rocks 

with correlated structure and the FDEM approach for simulating het
erogeneous rocks. The effect of grain correlation on the mechanical 
behavior (typically the fracturing behavior) of rocks is investigated. 

4.1. Results of RF-WCVT 

The proposed RF-WCVT enables the generation of rocks with corre
lated grain structures. In this section, examples of generated rocks with 
different grain structures will be presented. The statistics of the grain 
sizes in a rock will be analyzed to investigate the effectiveness of RF- 
WCVT. As an example, a square domain with dimension of 1.0 m is 
considered. Rocks of different grain statistics (i.e., mean grain size, size 
deviation, SOF, and bedding orientation) are generated in this domain. 
The grain statistics are summarized in Table 1, and the corresponding 
rock samples are presented in Fig. 11. All generated rock samples exhibit 
clear layering profiles, with inclination angles close to the specified 
bedding orientation. The layering profile becomes more pronounced 
with increasing SOFs in the major and minor principal axes. 

As a quantitative investigation, the statistics and spatial correlation 
of the grain sizes of these rock samples are evaluated, and the results are 
presented in Fig. 12. In Fig. 12, a square domain with dimensions of 
1.0 m is utilized. To assess the efficiency of the proposed RF-WCVT, this 
square domain is filled with 1000, 1500, and 2000 grain cells, each 
corresponding to grain mean values of 35.7 mm, 29.4 mm, and 
25.2 mm, as illustrated in Fig. 12(a). The variances are set at 0.1, 0.15, 
and 0.2 times the mean values, corresponding to 3.6 mm, 4.5 mm, and 
5 mm in Fig. 12(a)., respectively. As expected, the generated grain sizes 
in Fig. 12(a) exhibit a Gaussian distribution, with the mean and standard 
deviation close to the target values listed in Table 1. In Fig. 12(b), the 
evolution characteristics of the correlation between two locations 
against location distances for the three different cases are illustrated. 

Fig. 15. Rock samples generated based on RF-SCVT with a variety of different grain bedding orientations.  
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Each point in the simulation results presented in Fig. 12(b) represents 
the mean size correlation of all pairs of grain cells that share the same 
distance. It is observed that both simulation and analytical results show 
a noticeable decrease in correlation with increasing location distances. 
Upon comparing the descending trends among the three figures in 
Fig. 12(b), it is evident that the decreasing trends become much gentler 
with the increase of SOF, according to both simulation and analytical 
results. The simulation results align well with the analytical results given 
by Eq. (4) in all cases, indicating that the spatial correlation between the 
grain sizes at different locations can be effectively regulated by adjusting 
the SOF in the proposed RF-WCVT method. 

4.2. Validation of the RF-WCVT-based FDEM 

To validate the RF-WCVT-based FDEM for modeling rocks, the 
experimental and numerical tests on crystalline rocks previously con
ducted by Liu and Wu (2018a) are employed as a comparison. Liu et al. 
[34] have developed the VE-NMM to simulate the mechanical and 
fracturing behavior of crystalline rocks under uniaxial compression test. 
Nonetheless, the VE-NMM has not considered the correlation structure 
of the grains in a rock. Similar to Liu et al. [34], a rock sample with mean 

grain size 1.25 mm, standard deviation 0.01 mm, and SOF of 1.25 mm 
(i.e., equivalent to the situation of no correlation) is generated based on 
RF-WCVT, as shown in Fig. 13. With this rock sample, the FDEM model 
is then created based on the procedure described in Section 3.1. Through 
this approach, the mechanical and fracturing behaviors are primarily 
influenced by the grain structures. The phenomenon of mesh depen
dence has a limited impact on the mechanical and fracturing responses 
in the proposed method. The optimal mesh size for the FDEM follows the 
recommended value provided by Liu et al. [34]. Table 2 presents the 
material properties used in the FDEM model, which were obtained from 
numerical tests conducted by Liu et al. [34]. The uniaxial compression 
test was conducted by imposing a deformation-driven loading velocity 
of 2.5 mm/s on the top boundary. Upon failure, the rock displayed a 
prominent shearing band, represented by the primary fractures 1 and 2, 
as marked in Fig. 14(a). This observation was consistent with the find
ings of the laboratory experiment. The axial stress-strain profile is pre
sented in Fig. 14(b), exhibiting a good match with that of laboratory 
experiment, as well as the VE-NMM simulation reported in Liu et al. 
[34]. 

The VE-NMM reported by Liu et al. [34]. does not focus on the 
detailed characteristics of the Voronoi structures, utilizing a unified 
grain size for the Voronoi tesselation in numerical analysis. In contrast, 
the proposed RF-WCVT is designed to consider both grain spatial cor
relation and size distribution, offering adaptability to diverse scenarios 
with various requirements. To the best of the authors’ knowledge, few 
existing methods can generate Voronoi grain structures with both grain 
correlation and size distribution being quantitatively controlled. It is 
essential to note that the numerical approach adopted in this method, i. 
e., FDEM, differs significantly from the NMM reported by Liu et al. The 
NMM by Liu et al. is also acknowledged as a functional and powerful 
hybrid numerical approach. Additionally, the proposed RF-WCVT can be 
embedded in the NMM to extend its application range, highlighting the 
value of the presented study. 

4.3. Effect of grain size correlation on mechanical behavior of rocks 

To gain insights into the effect of grain size correlation on the me
chanical behavior of rocks, rock samples with different RF statistics are 
generated based on RF-WCVT and cast into FDEM for confined 
compression tests. In particular, the cases of different SOFs and bedding 
orientations are considered. A high SOF indicates that the grain sizes of 
two cells are likely to be close, even when a large distance separates 
them, resulting in pronounced layered structures. The bedding orien
tation represents the inclination angle of the layering profile. 

4.3.1. Effect of grain bedding orientation 
For the case of different grain bedding orientations, example rock 

samples of height 100 mm and width 50 mm are shown in Fig. 15. For 
all the rock samples, the mean grain size is kept the same as 1.25 mm 
and the standard deviation is 0.25 mm. The SOF is 100 times of the mean 
grain size. For the FDEM-based confined compression tests, the material 
properties are kept the same as those listed in Table 1. The loading ve
locity is taken as 2.5 mm/s and the confined compression is 1.0 MPa. For 
each set of RF statistics, five trials are performed to account for the effect 
of randomness. 

The results of compression strength with increasing bedding orien
tations are plotted in Fig. 16. Herein, the compression strength is taken 
as the maximum axial stress during the confined compression test. The 
middle line for each box represents the mean of the scattered points. 
Since the specimens are randomly generated with controlled grain cor
relation and size statistics, the micro-structure of specimens varies. The 
insertion of zero-thickness boundary elements following these generated 
micro-structures can influence the complicated fracturing behaviors, 
leading to variance in compression strengths. However, a clear V-shaped 
evolution trend of the compression strength with increasing bedding 
orientation is observed, as shown in Fig. 16, indicating that the observed 

Fig. 16. (a) Box plot of the evolution of compression strengths with increasing 
grain bedding orientations. In each box, the central mark indicates the median, 
and the bottom and top edges of the box indicate the 25th and 75th percentiles, 
respectively. The whiskers are extended to the most extreme data points. The 
specific data of compression strengths are plotted individually on the right of 
the boxes. (b) Experimental data of bedding rocks (adapted from Nian
dou et al.). 
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Fig. 17. Fracturing patterns of the rocks with various grain bedding orientations.  

Fig. 18. Rock samples generated based on RF-WCVT with a variety of different SOFs: (a) bedding orientation 0◦ and (b) bedding orientation 60◦.  

Y. Lin et al.                                                                                                                                                                                                                                      



Construction and Building Materials 416 (2024) 135228

13

dispersion has limited impact on the evolution law of compression 
strength. The compression strength decreases with increasing bedding 
orientation when the orientation is less than approximately 60◦ but in
creases when the orientation exceeds 60◦. In general, the compression 
strength of specimen with orientation 90◦ is smaller than that with an 
orientation of 0◦. Such a phenomenon has also been observed in the 
experimental tests of bedding shale by Niandou et al. [43] and Yao et al. 
[60]. The experimental data has been presented in Fig. 16(b). As 
observed, the results from our proposed numerical approach align with 
experimental findings. This alignment provides another perspective, 
indicating that the presented RF-WCVT-based FDEM approach serves as 
an effective modeling tool for revealing and predicting the mechanical 
and fracturing characteristics of rocks with spatially correlated grain 
structures. Concerning the ’V’ shape evolution laws of compression 
strength against orientation, a possible explanation could be provided 
by examining the failure modes of the rocks, as depicted in Fig. 17. For 
the cases of bedding orientation less than 30◦, a X-shaped fracturing 
pattern accompanied by smeared cracks is observed in each specimen. 
However, the length and path of fractures decrease significantly with 
increasing orientation. For the cases of 45◦ and 60◦, a clear shearing 
band can be observed, since the principal stress directions become close 
or even parallel to the grain bedding orientations. The failure patterns 
suggest that the layering profile of the rock grains would provide a 
favorable path for fractures to propagate. Consequently, fractures 

concentrate on the shearing band and develop rapidly, leading to a 
smaller fracturing area and lower compression strength. As the orien
tation further increases, the direction of principal stress deviates from 
the grain bedding orientation, resulting in increased smeared cracks and 
a larger fracturing area, and thus increased compression strength. 

4.3.2. Effect of SOF 
Based on the sensitivity analysis conducted in Section 4.3.1, the 

specimens with bedding orientations of 0◦ and 60◦ exhibit the highest 
and lowest values of compression strength, respectively, making them 
the most representative groups. These representative bedding orienta
tions have been selected for sensitivity analysis on the SOF. The gener
ated rock samples with various values of SOF are presented in Fig. 18. 
Notably, with increasing SOF, the rock samples exhibit a more pro
nounced layering profile. 

The results of compression strength with increasing SOF are shown in 
Fig. 19. Note that some dispersion still exist due to the variances of the 
grain structures. As the primary purpose of this section is to understand 
the evolution laws of compression strength caused by the grain corre
lation, which have been clearly presented by the existing results. Sta
tistically interpreting the distribution characteristics of compression 
strength is not the main concern in this study and may require additional 
simulation results. This aspect will be explored in our future work, 
drawing inspiration from the research conducted by F. Molina-Gómez, 
Bulla-Cruz [41]. For the case of 0◦ bedding orientation, the compression 
strength exhibits a positive correlation with SOF, whereas it exhibits a 
negative correlation with SOF for the case of 60◦. In addition, when SOF 
(θx) exceeds 100 (normalized by mean grain size), the changes in the 
grain structure of specimens due to increased SOF becomes insignificant. 
As a result, the profile of compression strength with increasing SOF 
gradually reaches a plateau. 

To investigate the reason behind the opposite evolution trend of 
compression strength with increasing SOF, the fracturing patterns of the 
rock samples with varying bedding orientations and SOFs are shown in 
Fig. 20. In addition, the proportion of damaged cohesive elements and 
their failure modes are evaluated and plotted in Fig. 21. Herein, the 
failure mode includes tension damage and shear damage. A X-shaped 
fracturing pattern is present in all rock samples for the case of bedding 
orientation of 0◦. As SOF increases, the proportion of damaged cohesive 
elements increases notably, which is the main reason of the increased 
compression strength. 

Additionally, the proportion of damaged elements due to shearing 
decreases with increasing SOF, as shown in Fig. 21. This leads to an 
increase in the amount of tensile cracks and a larger fractured area, as 
shown in Fig. 20(a). The decrease of damage proportions due to shearing 
would exhibit a negative impact on the compression strength if the total 
damage proportion remained the same. However, as the SOF increases, 
it leads to the development of more tensile cracks and a larger fractured 
area for the specimens with the grain bedding orientation of 0◦, resulting 
in an increase in the total failure proportion. These findings indicate that 
the positive effect of increasing the fractured area outweigh the negative 
effect of the failure mode changes of cohesive elements in such situa
tions, ultimately contributing to the improvement of the compression 
strength of rock samples with the grain bedding oriented at 0◦. 

For the rock samples with grain bedding orientation of 60◦, the X- 
shaped fracturing patterns gradually give a way to a narrow shearing 
band as SOF increases. The proportion of all damaged cohesive elements 
decreases significantly with the increase of SOF, while the proportion of 
damaged cohesive elements due to shearing increases, as shown in 
Fig. 21. Such a phenomenon is consistent with the occurrence of a 
narrow and concentrated shearing band, as shown in Fig. 20(b). It is thus 
inferred that the effect of decreasing fractured area would also outweigh 
the effect of mode changes when the grain bedding correlation is 60◦, 
which leads to the decay of axial compression strengths of the rocks with 
a correlated grain structure. 

Fig. 19. Evolution of the compression strength with increasing SOF: (a) 
bedding orientation 0◦ and (b) bedding orientation 60◦. 
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5. Conclusions 

In this study, an approach for generating heterogeneous rocks with 
spatially correlated grain structures is proposed by combining the 
weighted centroid Voronoi tessellation (WCVT) with random field (RF). 
Based on the generated rocks with correlated grain structure, the FDEM 
model is then created by inserting zero-thickness cohesive elements into 
grain boundaries to model the mechanical behaviors (typically the 
fracturing behaviour) of the rocks. Numerical examples are presented to 
demonstrate the effectiveness of RF-WCVT for generating rocks with 
correlated grain structure and FDEM for modeling heterogeneous rocks. 
The effects of grain correlation characteristics, in terms of bedding ori
entations and SOF, on the mechanical and fracturing behavior of het
erogeneous rocks are discussed. Some conclusions are as follows:  

(1) The proposed RF-WCVT approach provides an effective way to 
control the grain size distribution and correlation of rocks. The RF 
statistics of the grain sizes of simulated rocks match well with 
those of speficied analytical formulations.  

(2) The compression strength of heterogeneous rocks decreases as 
the grain bedding orientation increases from 0◦ to approximately 
60◦, whereas it increases as the orientation continues to increase 
beyond 60◦. The highest compression strength is observed at 
0◦ bedding orientation, where many smeared cracks appear. 
Oppositely, the lowest compression strengths are observed at 60◦

orientation, where a consistent shearing band is formed.  
(3) The compression strength of heterogeneous rocks exhibits 

distinct evolution trends with SOF for different bedding orienta
tions. For 0◦ bedding orientation, increasing the SOF leads to an 
increase in the compression strength, accompanied by increased 
tensile cracks and fracturing areas. For 60◦ bedding orientation, 
the compression strength decreases with SOF. A narrow and 
concentrated shearing band with increasing shearing failure 
proportion is observed. 

It is anticipated that the proposed RF-WCVT based FDEM approach 
would become an effective tool for quantifying and predicting the me
chanical properties of heterogeneous rocks with spatially correlated and 
stochastic grain structures. It has the potential to enhance the exploiting 
and utilization efficiency of various construction and building materials, 
including porphyritic granite, cemented tailing back-fills and asphalt 
mixtures. Furthermore, it can also improve the quality and safety of the 
projects that are constructed on or within these natural or synthetic rock 
formations. 
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